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Sampling

Unnormalized density function:

ptarget(x) = %x); Z = fﬁ(x)dx

Obtain sample x ~ Piarget-

- Bayesian inference: piarger « likelihood X prior

- Boltzmann distribution (molecules, etc): Prarger X exp(—LU)
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Sampling - classical approach

Markov chain Monte Carlo (MCMC)

For example, unadjusted Langevin dynamics:

dX, = Vlog (X,)dt + V2dw,

== dependent samples; auto-correlation reduces efficiency sample size
== ergodicity; only guarantee convergence with infinite steps
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Neural samplers

Train a neural network to amortize the sampling process

< independent samples!
< can mix in finite time

Neural samplers are in fact generative models:

pprior ptarget

generative model
NF, Diffusion, etc.
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Diffusion Neural samplers

Train a diffusion (like) model

dXt — f@ (Xt, t)dt + O-\/det,
transporting samples from ppyrior 10 Prarget:

Xo ~ Pprior » and want Xy ~ Ptarget
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dX; = fo (X, t)dt + O-\/ithJXO ~ DPprior, W€ Want X7 ~ Diarget-

If we have a “target” process

lllllllllllllll

dY; = Q(Yt: t)’dt + oV2dW,, Y, ~ Ptarget

--------------- " can be a simple, prescribed functlon like 0 or —f.Y;

llllllllllllllllllllllllllllllll

ANd X, ~ Yo_,, i “time-reversal”

--------------------------------

We Wlll have XT ~ YT—T — YO
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Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

How to achieve this?
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-----------------------------------------------------------------------------------------------------------------------------------------------------------------

------------------------------------------------------------------------------------------------------------------------------------------------------------------

\ Y, ~N(Y, |Y; . +9(Y_, t)At,202A¢), Yo ~ Drarget

------------------------------------------------------------------------------------------------------------------------------------------------------------------

Prarget Yo)N (Yz, |[Yo)N(Yz, |Ye, ) - N(Yey [Yey_,)
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= q(XO:tN)
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Match CI(Xo:tN) with ﬁ(XOth) :

q(Xo. tN)]

DKL[q(XO:tN)Hﬁ(Xo:tN)] = Eq |lo [ (X
0:ty

DLv[q(Xo:ey )| (Xo.ey )| =V C{ q(XOtN)]

5(Xo:tn

It is fine to have a different sampling process
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Match CI(Xo:tN) with ﬁ(XOth) : Let’s go continuous!
- q(Xo.

Dral (o, 7o, ] = B o 25254

(XO tN)

q(XO:tN)
ﬁ(XO:tN)

Duvla(XoeI1F(Xoes )] = Vars [mg

Drsla (Ko P (Xoe, )] = Ex [(logg(f’”% - "”

Other choices exist, including sub-TB, DB, etc...
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Match q(Xo.¢,) With B(Xo.z,) : Q(X),P(X)
X
D1 [q(Xo:e5)1|P(Xo:ey )] = Eq[ qEXz tN)]
‘TN

q(XO:tN)
ﬁ(XO:tN)

Duvla(XoeI1F(Xoes )] = Vars [mg

Drsla (Ko P (Xoe, )] = Ex [(logg(f’”% - "”

Other choices exist, including sub-TB, DB, etc...
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Match q(Xo.¢,) With B(Xo.z,) : Q), P(X)
dQ(X)
D P| = Ej|!
kLl Q|| ] 08 dP(X)
- dQ(X)
D P| = Var= (1
LV[Q|| ] arz OgdP(X)
odagm )
0||P] = E= || log——"2 — &
DTB[Q” ] 7 <OgdP(X) )

Other choices exist, including sub-TB, DB, etc...
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Match q(Xo.¢,) With B(Xo.z,) : Q), P(X)

dQ(x),
dP(X)

log

We can calculate this by Girsanov theorem
when two paths are in the same direction
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dQ(x),
dP(X)

dQ(x ) dP,.(X)
TN R 1es

log

= log—
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Match q(Xo.¢,) With B(Xo.z,) : Q), P(X)

dQ(x),
dP(X)

dQ(x ) dP,.(X)
TN R 1es

log

dQ(x) o dP,.(X)
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Match q(Xo.¢, ) With B(Xo.¢, ) : 300, POO)
dQ(X
log 4900,
00"
We can choose any P, = Jog—. dQ(X) dP,.(X)

dPr(X) 108 dP(X)

dQ(x) i P, (X)
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Match q(Xo.¢, ) With B(Xo.¢, ) : A, PO
log dQ(x),
dP(X)
We can choose any P, = log— dQ(X) log dl?_r(X)
dP,.(X) dP(X)
Choose it to have _ -
known P, and P, 31z dg(X) +log d(P_r(X)



Diffusion Neural samplers - idea 1.1

Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

How to achieve this?

matching forward and backward processes
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Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

Any other choices to achieve this? YES!
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The “score” at t

The“score”atT — t

Recall Xt ~ YT—t
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dY; = G\/Eth» Yo ~ Ptarget
Attime t, pe(Yy) = | Prarget (Yo)N (Y|Yy, ve1)dY,
We want to have a network to regress its score

With data Yy ~ Diarget: denoising score matching

What if without data?
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dYt = O'\/Eth, YO ~ Ptarget Gaussian convolution

e NG
~ N

Viog p.(Y;) = Vlog/ Prarget (Yo)N (Y |Yo, v 1)dY,

=V (ptarget* N( 10,v:D))(Yp)/ 0 (Ye)

Gradient of Conv = Conv of gradient = (tharget* N( |O, vtl))(Yt)/ pt(Yt)

= f tharget(YO)N(Ytlyo» v 1)dYy /0 (V)



Diffusion Neural samplers - idea 1.2

dY; = U\/Eth» Yo ~ Ptarget

Vlog p;(Y;)
— f tharget(YO)N(Ytlym v DAYy /p:(V2)
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dY; = G\/Eth» Yo ~ Ptarget

Vlog p.(Y;)
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dY; = U\/Eth» Yo ~ Ptarget

Vlog p:(¥;)
F tharget(YO)N (Y 1Yo, ve DAYy /P (V)

=J ptarget(YO)VlOg ptarget(YO)N(Ytlyw Utl)dYO /pt (Yt)

= f ptarget(YO)N (Y:Yo, vel) /e (V) Viog ptarget(YO)dYO

— fp(Yolyt)VIOg ptarget(yo)dyo
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dY; = O-\/Eth» Yo ~ Ptarget

Vlog p: (V) = fp(Yo|Yt)V108 Ptarget (Yo)dY,
Target score identity (TSI)

But we still do not know how to sample from p(Y,|Y:)

p(YolY:)
q(Yo|Y:)
Importance Sampling using g

Vliog p.(Y) = fCI(Yo|Yt) Vlog Prarget (Yo)dY,



Diffusion Neural samplers - idea 1.2

Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

Estimate score by TSI+IS, and regress it with a score net
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Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

Any other choices to achieve this? YEEEES!
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We want the marginal density of this SDE at T — t, to be pr_.(X;)

What connects an SDE with its marginal density?

Fokker-Planck equation!
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-----------------------------------------------------------------------------------------------------------

L4
-----------------------------------------------------------------------------------------------------------

Fokker-Planck equation (in log space)

ddogp, +V-f+Vlogp, - f — O'ZHVIngt”Z — o?Alogp, =0

Do not worry on this formula

Let’s focus on the high-level idea
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L4
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Fokker-Planck equation (in log space)

2
d.log p, Vlog pt JZHVlog ptl‘ — o?Alogp, =0

/ only contains o and score of marginal: Vlog p,
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-----------------------------------------------------------------------------------------------------------

L4
-----------------------------------------------------------------------------------------------------------

Fokker-Planck equation (in log space)

[atlogpt +V-f+Vlogp, - f — O'ZHVIngt”Z — azAlong =0

LFS will have only one unknown term log p;

2
We can parameter network for log p;, and learn it by min‘ |LFS|‘
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Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

matching the PDE induced by SDE
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Want a sample process (prior to target),
To be the time-reversal,

of a simple target process (target to prior)

1.1 align forward with backward

1.2 align the marginal to the desired marginal by
1.2.1 score matching
1.2.2 satisfy PDE



Diffusion Neural samplers - idea 1

This includes
1) DDS (denoising diffusion sampler)
2) PIS (path integral sampler)
3) DIS (diffusion time-reversal sampler)

5) IDEM (iterated denoising energy matching)

(

(2)

(3)

(4) GFlowNet (generative flow network)
(5)

(6) RDMC (reversal diffusion monte carlo)
(7)

7) PINN (physics-informed neural networks) sampler

aligning forward with backward

score matching/estimation with IS

satisfying PDE
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dX; = fo (X, t)dt + O-\/ithJXO ~ DPprior, W€ Want X7 ~ Diarget-
We can define a sequence of interpolants 7, :
o = Pprior» TT = Ptarget

We want the marginal of X; to be m,.

. Bt 1-L¢
One example for 7y: Ty & o, Drarget
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Diffusion Neural samplers - idea 2

Want a sample process (prior to target),
whose marginal density at every time step,
aligns with known interpolants between prior and target
How to achieve this?

Satisfy the PDE!
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Fokker-Planck equation (in log space)

0 Tog, + V- f + VIogn, - f — 02| IVIogs||” — o2 Alogq, = 0

log 1, log T, log ; log m;
1_
For example, m; = pgl’fiorptarggt/Znt
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0 logplto Pt — 0,2y, log T, log ; log m;
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For example, m; = pprlorptarget/Znt
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Fokker-Planck equation (in log space)

M+V~f+”ﬂe.g_&-f—02“ﬂsg@tl‘z — o’itegp, = 0

Be _1-B Br 1Pt pr 1Bt
0¢logppriorPearget — 9tZm, v logppriorptarget tr (VVIngpriorptarget

_ Bt 1-PB¢
For example, m; = ppriorptarget/Znt
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Fokker-Planck equation (in log space)

4 )
2
Oitegp, + V- f +egp, - f — 0%|[Wegp,l| — oitegp, = 0
-, 1- B 1-p
itlogpgﬁiorptarget — OtZy, v 108P§§iorptar§§t tr (VVlngplfiorptarggt) )

Again, do not worry on this formula

Let’s focus on the high-level idea
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L4
-----------------------------------------------------------------------------------------------------------

Fokker-Planck equation (in log space)

4 )
2
Oitegp, + V- f +egp, - f — 0%|[Wegp,l| — oitegp, = 0
t t a P
itlogpgrlorptarget O0tZn, v 108P§ﬁ10rptar§£t tr (VVIngprlorptargét) )

The LHS only has 2 unknown terms: scalar func Z; (t) and vector func f (X, t)

We can parameter network forZ, (t), f (X, t), and learn it by min‘ |ILFS]| ‘2
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whose marginal density at every time step,
aligns with known interpolants between prior and target
How to achieve this?

Satisfy the PDE!
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aligns with known interpolants between prior and target

Any other ways? YES!
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Want a sample process (prior to target),
whose marginal density at every time step,
aligns with known interpolants between prior and target
Any other ways? YES!

We can still match some forward and backward process!
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its time-reversal is given by
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“Nelson’s Condition” is an iff condition
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dX; = f (X, t)dt + ovV2dW,, X, ~ Pprior
If its time-reversal is given by
dYt — _f(Yt, T — t)dt + ZO-ZVIOg T[T_t(Yt)dt + O-\/ith, YO ~ 7TT — ptargetr

then the marginal for at X; diffusion time t is 1,

“Nelson’s Condition” is an iff condition
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then the marginal for at X; diffusion time t is 1,

“Nelson’s Condition” is an iff condition
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-----------------------------------------------------------------

If its time-reversal is given by

\ The same network
dY; _f(Yt, — t)dt +20°Vlog my_ t(Yt)dt + oV2dW,, Yo~ mr = ptargetl'

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

then the marginal for at X; diffusion time t is 1,

“Nelson’s Condition” is an iff condition
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then the marginal for at X; diffusion time t is 1,

“Nelson’s Condition” is an iff condition
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Match CI(Xo:tN) with ﬁ(XOth) :

. We can use all objectives in the previous slide (idea 1.1)
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Match CI(Xo:tN) with ﬁ(XOth) :

D [a(XoeF (Ko )] = Eo [mg

q(XO:tN)

Duvla(XoeI1F(Xoes )] = Vars [mg

Drsla (Ko P (Xoe, )] = Ex [(logg(f’”) - "”

Other choices exist, including sub-TB, DB, etc...
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whose marginal density at every time step,

aligns with known interpolants between prior and target

match forward and backward process!
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Want a sample process (prior to target),
whose marginal density at every time step,
aligns with known interpolants between prior and target

1.1 aligh the marginal to the desired marginal by satisfying PDE
1.2 align forward with backward



Diffusion Neural samplers - idea 2

This includes

(1) NETS (non-equilibrium transport sampler)

(2) PINN (physics-informed neural networks) sampler
(3) LFIS (Liouville Flow Importance Sampler)

(4) CMCD (Controlled Monte Carlo Diffusions)

satisfying PDE

aligning forward with backward
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- Make the sampling process as the reversal of a target process
~ Make the marginal of the sampling agree with some target interpolants

Objectives:
- Write down backward and forward, align them
- Write down the marginal, align it with the sampling process



Diffusion Neural samplers - summary

Overall framework:
- Make the sampling process as the reversal of a target process
~ Make the marginal of the sampling agree with some target interpolants
You can combine them freely!
Objectives:
- Write down backward and forward, align them
- Write down the marginal, align it with the sampling process



Thank you!

Jiajun He
https://jiajunhe98.github.io/

|h2383@cam.ac.uk



https://jiajunhe98.github.io/
mailto:jh2383@cam.ac.uk
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