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- model evidence

-~ binding affinity
- potential of mean force
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* Free energy perturbation (FEP):
- Importance Sampling

Z, 1.
Af = —1082— = —1082—fP2(X)dX
1 1

= _log_fﬁ1(X) - P2 (X) /P (X)dX
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’
--------------------------------

P1(X) exp(—U, + U1)
= —log E;[exp(—U;, + U;)]

R. W. Zwanzig. High-temperature equation of state by a perturbation method. i. nonpolar gases. The Journal of Chemical Physics, 22(8):1420-1426, 1954.
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* Bennett acceptance ratio (BAR):
- An iterative, minimal-variance estimator

5 Ei lg(-U; +U; —C)]
gEz[g(_Uz +U; + C)]

1
,C =A
1+ exp(x) /

Af = -1 + C

g(x) =

1. Initialize C;
2. Calculate Af; Set C < Af;
3. Repeat (2) until converge.

C. H. Bennett. Efficient estimation of free energy differences from monte carlo data. Journal of Computational Physics, 22(2):245-268, 1976. ISSN 0021-9991.
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* Both FEP and BAR are based on Importance Sampling
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* Both FEP and BAR are based on Importance Sampling
- Mapping to increase overlapping Target FEP
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* Both FEP and BAR are based on Importance Sampling
- Mapping to increase overlapping Target FEP

Af = —log E;[exp(—U, + U;)] Change of variable Py
1
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T can be
manually crafted [1];

learned by normalizing flow [2];
or flow matching [3].
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[1] C. Jarzynski. Targeted free energy perturbation. Physical Review E, 65(4):046122, 2002. [2] P. Wirnsberger, et al. Targeted free energy estimation via learned mappings. The Journal of Chemical Physics, 153(14), 2020.
[3] L. Zhao and L. Wang. Bounding free energy difference with flow matching. Chinese Physics Letters, 40(12):120201, 2023.
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* Both FEP and BAR are based on Importance Sampling
~ Annealing to increase overlapping
- Sequence of FEPs Dy

Afin = Af12 + Afos + - Afy_an Dy
P3
P2
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* non-equilibrium approach: Jarzynski Equality

Let’s start by Annealed Importance Sampling
MCMC with invariant density as p;

---------------------------

Xi~p1 Xe~ MCMCp, (X, 1)

---------------------------
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* Annealed Importance Sampling

X1~P1 Xe~MCMCp, (Xe—1); Xy ~py X, g ~ MCMC,,, (X

N-1

Af = —logEp, _ [exp(—W)], W(Xyn) = —U(Xe) + U1 (Xe)
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. We do not use it in the final calculation
* Annealed Importance Sampling

Xu~P1 X~ MCMCp (Xe1); | Xy ~py Xeoq ~ MCMcpt<Xt)]
N—=T1

Af = —logEp,  [exp(=W)], W(X1.n) = Z —U(X¢) + Up 1 (Xp)

t=1
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Taking the limit... (oo intermediate distributions)
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---------------------------------------------------
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---------------------------------------------------

------------------------------------------------------------
*

W) = 3 UKD + VoK)
: =1 :
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------------------------------------------------------------

J 0.U.(Xy)dt



Background - Methods

* Annealed Importance Sampling
X1 ~ D1 dXt — _O-ZVUt(Xt)dt + U\/E d_Bt—),

Af = —logEp__ . [exp(=W)],

W(X) = fatUt(Xt)dt



Background - Methods

* Annealed Importance Sampling
X1 ~ D1 dXt — _O-ZVUt(Xt)dt + U\/E d_Bt—),

Af = —logEp__ . [exp(=W)],

W(X) = fatUt(Xt)dt

Jarzynski Equality



Background - Methods

* Jarzynski Equality

dXt — _O-ZVUt(Xt)dt + O-\/i d—Bt>, XON Da

1
0

Af = —logEp, _, [exp(=WW)],



Background - Methods

* Jarzynski Equality

dX, = —a2VU.(X,)dt + a2 dB,, Xy~ Dy
1
0

Af = —logEp, _, [exp(=WW)],

“non-equilibrium”?
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* Jarzynski Equality X; does not follow p; « exp(—U,;)
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* Escorted Jarzynski Equality X, gets closer to p; « exp(=U,)

dX, = u(X,)dt — 62VU,(X,)dt + o2 dBy, Xo~ D,

1 1 1
0 0 0

Af = —logEp, _, [exp(=WW)],
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* Escorted Jarzynski and Controlled Crooks Fluctuation Theorem

dX, = —a2VU,(X,)dt +u, (X,)dt + ovV2 dB,, Xo~ py = P
dX, = o2VU,(X)dt +u, (X,)dt + ovV2 dB,, X, ~ D, = P

&—

1

1 1 dP
W —_ f atUtdt + f VUt ‘ utdt — f V . utdt — _log_—> + Af
0 0 0 dP



Methods

- Learn a transport between two states using their samples

- Estimate the free energy difference with escorted Jarzynski
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How can we efficiently learn a transport (SDE) using data from two sides?

Stochastic Interpolants

M. S. Albergo, N. M. Boffi, and E. Vanden-Eijnden. Stochastic interpolants: A unifying framework for flows and diffusions. arXiv preprint arXiv:2303.08797, 2023.
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We want to learn u;, VU;, so that
dX, = [u,(X,) — a2VU,(X,)]dt + ov2 dB,
maps between {X,} and {X; }

We define a stochastic interpolant

Xt = (1 — t)XO + x4 + \/t(l — t)E, Xo) X1 ~ {Xo} X {Xl}’ € ~ N(O, Id)

2
min E‘ lu,(X;) — atxt” VU, learned by score matching
u

M. S. Albergo, N. M. Boffi, and E. Vanden-Eijnden. Stochastic interpolants: A unifying framework for flows and diffusions. arXiv preprint arXiv:2303.08797, 2023.
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Apply Escorted Jarzynski to estimate free energy

Done?
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Stochastic Interpolants:
We learn u;, VU,:

dX, = —o2VU,(X,)dt +u, dt + ov2 dB,, Xo~ p, =» P
dXt — O-ZVUt(Xt)dt +ut dt + O-\/E (d_Bt, X1~ pb » (I_)

Recall Escorted Jarzynski & controlled Crooks: “FOFV!ﬂfﬂ:lgﬂﬁl_f\_l_\{ﬂffl.RND”

1 1

VU, - u,dt —f V-u,dt = —log— + Af
0 : dP

.
-----------------------------

W = 6tUtdt + f
0

Af = —log Eglexp(—=W)] = log Es[exp(W)]
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Stochastic Interpolants:
We learn u;, VU,:
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Methods

Stochastic Interpolants:
We learn u;, VU,:

A0 €D, G R
= NX;| — 05VU,_{ (X,_ DNt +up_q (Xe_1)AL, 202%At)

lllllllllllllllllllllll

No need to learn Energy-parameterized network

No need to calculate divergence
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Stochastic Interpolants:
We learn u;, VU,:

dX, = —o2VU,(X,)dt +u, dt + ov2 dB,, Xy~ p, = P
dXt — O-ZVUt(Xt)dt +ut dt + O-\/E (d_Bt, X1~ pb » (I_)

o exp(—Up (X)) I_I N(Xi-11X¢)
exp(—U,(Xp)) FI N(X:|Xe-1)

Ezlg(W — ()]
Eslg(=W + ()]

W =~ —lo

Af = —log + C - Path-measure-based BAR
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Eg[g(W — ()]

Af = —log Eslg(—=W + ()]
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A minimal-variance estimator

when g(x) =

1+exp(x)’
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Eslg(W —C
Af = —log pL( ) + C
Eslg(-W + O)]
A minimal-variance estimator when g(x) — 1+eip(x), C = Af

1. Initialize C;
2. Calculate Af;Set C « Af;
3. Repeat (2) until converge.
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Eslg(W —C
Af = —log pL( ) + C
Eslg(-W + O)]
A minimal-variance estimator when g(x) — 1+eip(x), C = Af

1. Initialize C;
2. Calculate Af;Set C « Af;
3. Repeat (2) until converge.



Methods

Learn Stochastic Interpolant using data from both states
Calculate “generalized” work with FB RND
Apply Escorted Jarzynski + minimal-variance estimator

Any other practical consideration?
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Let’s recall again Escorted Jarzynski & controlled Crooks:
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Requirement: exp(—U,) X pg, exp(—U;) < pp
Let’s recall again Escorted Jarzynski & controlled Crooks:
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exp(—Up (X7)) [11 N(Xe—1]X¢)

1 1 1
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0 ot 0 ft 0 ‘ gexp(—Ua(Xo))HIN(Xt|Xt_1)

Af = —log Elexp(~W)] = log Ep[exp(W)]
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Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds:
When exp(—U,) & pg, exp(—U;) & py
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dX, = —o2VU,(X,)dt +u, dt + ov2 dB,, Xo~ p, =» P
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Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds:
When exp(—U,) & pg, exp(—U;) & py

dX, = —o2VU,(X,)dt +u, dt + ov2 dB,, Xo~ p, =» P
dX, = o2VU,(X,)dt +u, dt + ovV2 dB,, X;~p;, =» P

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

exp(—U, (Xo))exp(—U; (X1))
"8 exp(—U, (X1))exp(—Up (Xo))

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

exp(—Up(X7)) I3 N(Xt 11X¢) Need a correction term *
exp(—Uq(X0)) IT5 N(X¢|X¢—1)

Af = —log Eglexp(—W)] = log Es[exp(W)]
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Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds:
When exp(—U,) & pg, exp(—U;) & py

dX, = —o2VU,(X,)dt +u, dt + ov2 dB,, Xo~ p, =» P
dXt — O-ZVUt(Xt)dt +ut dt + O-\/E (d_Bt, Xl ~ pb » (I_)

exp(—U, (Xo))exp(—U;(X1))
....................................................... S exp(—Up (X1)exp(—Up (Xo))
exp(-Up(X7)) [17 N(X¢—1]|X}) :
exp(—Uq(Xo)) ITT N(X¢|X¢—1) :

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

Af = —log Eglexp(—W)] = log Es[exp(W)]

Do not need a correction term &
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds

When exp(—U,) « p,, exp(—U;) & p,
dX, = —a2VU,(X,)dt +u, dt + ov2 dB,, Xo~ p, =» P
dX, = o2VU,(X,)dt +u, dt + ov2 dB,, X, ~ p,, = P
1 exp(—U,(X,))exp(—Uy(X1))
J[) Vo tedt + log exg(_Ub EXS)GXE(—UOEXO;)
exp(—Ub(XT)) [11 N(Xt—l‘Xt)
exp(~Ua(X0)) ITT N(X¢|Xt—1)
Af = —log Eglexp(—W)] = log E5[exp(W)]

1 1
W — j 6tUtdt+j VUt utdt_
0 0

W = —log
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds

When exp(—U,) « p,, exp(—U;) & p,
A X, = —02VU (XAt +u, At + oV2At €, Xo~ py = P
AX, = —c?VU.(X)At —u, At + oV2Ate, X, ~ p, = P
1 1 1 exp(—Uq(Xp))exp(—U;(X1))
W= Jo O Updt + jo VU - udt = jo V- udt +log exp(—UbEX1§)eXp(—Uo(Xo))
eXp(—Ub(XT)) [11 N(Xt—l‘Xt)
exp(—Ua(X0)) [T N(Xt‘Xt—l)
Af = —log Eﬁ[exp(—W)] = log Eg[exp(W)]
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds

When exp(—U,) & p,, exp(—U;) € p,,
AX, = —02VU, (XAt +u, At + 024t €, Xo~ p, = P
AX, = —02VU,(X,)At —u, At + oV2Ate, X1~ p, = P
W, = 3. 0,U,At + VU, - u,At + V - u,At + log Ziii:ﬁzi:;ij’;iﬁ:zﬁ;g
eXp(—Ub(XT)) [11 N(Xt—l‘Xt)
exp(-Ua(X0)) ITT N(X¢|X¢-1)
Af =~ —log Ez|exp(—WW;)] =~ log Eg[exp(W/;)]
Af = —log Ezlexp(—WW,)] = log E5[exp(WW;)]

W, = —log
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds

When exp(—UO) K Pa eXp(—U1) & Pp

A X, = —0*VU (X)At +u, At + oV2At €, Xo~ Da ™» P
S AXe. =m0 VU XA ue AL+ oY 2086, Xo oDy, = P

exp(=Ug(Xo))exp(=Us (X1))
W, =Y 8,UAt + VU, - u At +V - u,At + log ezp (_Ub(X:))e’;p (_U(l)(xz)) :
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Discretized Escorted Jarzynski & controlled Crooks with Imperfect boundary Conds

When exp(—UO) K Pa eXp(—U1) & Pp
A X, = —a?VU(X,)At +u, At + oV2At €, Xy~ p, = P
AX, = —0?VU.(X;)At —u; At + oV 2Ate, X1~ p, = P

IR G Co) ) L O
S G T G

Biased! (&
Af = —log Eglexp(=WW,)] = log Es[exp(W,)]: asymptotically unbiased &
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Methods

Learn Stochastic Interpolant using data from both states

Calculate “generalized” work with FB RND
1. No need to learn energy; no need to calculate divergence
2. No need to have correction term;
3. No discretization bias.

Apply Escorted Jarzynski + minimal-variance estimator



—------------\

Connection with Other Approaches

dXt —_ _O-tzVUt(Xt)dt +ut (Xt)dt + O-t \/id_Bt)

——————————————————————————————————————————————————————————————————————————————————————————

Equilibrium Non-equilibrium

ar,or = 0,v, =0

Jarzynski equality

vy =/ 0, perfect boundary

Target FEP

vy #\0, perfect boundary

S o . -

Escorted Jarzynski
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Results

GMM:
Between a 16-mode GMM and a 40-mode GMM

LJ system:
Between system without LJ potential and system with LJ potential

Alanine dipeptide — Solvation (ALDP-S):
Between ALDP in vacuum and ALDP in implicit solvent

Alanine dipeptide — Transition (ALDP-T):
Between ALDP in two meta-stable states




Results

Method GMM LJ ALDP-S ALDP-T
d = 40 d = 100 d=2>5Hx3 d="T9 x 3 d= 128 x 3 d=22%x3 d=22x3
Reference 0 0 23477 +o.09 357.43 +3.43 59598 +oss 2943 0.0 -4.25 +o.0s5
Target FEP w. FM 0.09 +o.26 -17.96 +1.49 232.06 to.03 * * 2947 to.22 -4.78 +o.32
Neural TI -181.63 4665  -402.93 428375  328.55 +336.30  468.76 +391.16 N/A 2493 1313 -4.11 4256

Ours 0.04 +0.04 -5.34 1152 23247 to.1s 356.74 +o.79 595.04 +652 2938 1004 -4.56 +o.08




Results Eq 1: Af = —log Ez|exp(—W)] = log Eg[exp(W)]

Eslg(W—0)]
Eplg(-W+0)]

Eq 2: Af = —log + C

700 40
v 650 v = = Reference value
@ @ 35 - —— estimator in eq.1
E 600 - E —— min-var estimator in eq.2
= ]
% 550 1 @ 30 A -
1} u
€ 500 - — — Reference value o
3 4504 —— estimator in eq.1 @ 25
i —— min-var estimator in eq.2 I
4{]0 I ) I 1 1 ED ] ) I I ]
1] 20000 40000 80000 80000 0 5000 10000 15000 20000
Mumber of iterations Mumber of iterations

(b) LJ-128. (¢) ALDP-S.
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Summary:

- Non-equilibrium approach to calculate free energy difference
~ Learn transport with Stochastic Interpolants
- Using FB RND to calculate work

- Estimate with Minimal variance estimator with Escorted Jarzynski equality

Compared to other baselines:

Neural Tl: non-equilibrium for higher flexibility
Neural target FEP: easier calculation with FB RND

MBAR: we do not need intermediate distributions &

Neural network is generalizable -> future work &
Need some training time &=

Neural networks are still limited to handle very large systems &=
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Yuanqi Du & Jiajun He
yd392@cornell.edu
jh2383@cam.ac.uk



mailto:yd392@cornell.edu
mailto:jh2383@cam.ac.uk

	Slide 1: FEAT:  Free energy Estimators with Adaptive Transport 
	Slide 2: Collaborators
	Slide 3: Background
	Slide 4: Background
	Slide 5: Background
	Slide 6: Background
	Slide 7: Background
	Slide 8: Background - Methods
	Slide 9: Background - Methods
	Slide 10: Background - Methods
	Slide 11: Background - Methods
	Slide 12: Background - Methods
	Slide 13: Background - Methods
	Slide 14: Background - Methods
	Slide 15: Background - Methods
	Slide 16: Background - Methods
	Slide 17: Background - Methods
	Slide 18: Background - Methods
	Slide 19: Background - Methods
	Slide 20: Background - Methods
	Slide 21: Background - Methods
	Slide 22: Background - Methods
	Slide 23: Background - Methods
	Slide 24: Background - Methods
	Slide 25: Background - Methods
	Slide 26: Background - Methods
	Slide 27: Background - Methods
	Slide 28: Background - Methods
	Slide 29: Background - Methods
	Slide 30: Background - Methods
	Slide 31: Background - Methods
	Slide 32: Background - Methods
	Slide 33: Background - Methods
	Slide 34: Background - Methods
	Slide 35: Background - Methods
	Slide 36: Background - Methods
	Slide 37: Background - Methods
	Slide 38: Background - Methods
	Slide 39: Background - Methods
	Slide 40: Background - Methods
	Slide 41: Background - Methods
	Slide 42: Background - Methods
	Slide 43: Background - Methods
	Slide 44: Background - Methods
	Slide 45: Background - Methods
	Slide 46: Background - Methods
	Slide 47: Background - Methods
	Slide 48: Background - Methods
	Slide 49: Background - Methods
	Slide 50: Background - Methods
	Slide 51: Background - Methods
	Slide 52: Background - Methods
	Slide 53: Background - Methods
	Slide 54: Background - Methods
	Slide 55: Background - Methods
	Slide 56: Background - Methods
	Slide 57: Background - Methods
	Slide 58: Background - Methods
	Slide 59: Background - Methods
	Slide 60: Background - Methods
	Slide 61: Background - Methods
	Slide 62: Background - Methods
	Slide 63: Background - Methods
	Slide 64: Background - Methods
	Slide 65: Background - Methods
	Slide 66: Background - Methods
	Slide 67: Background - Methods
	Slide 68: Background - Methods
	Slide 69: Background - Methods
	Slide 70: Background - Methods
	Slide 71: Background - Methods
	Slide 72: Background - Methods
	Slide 73: Background - Methods
	Slide 74: Background - Methods
	Slide 75: Background - Methods
	Slide 76: Background - Methods
	Slide 77: Background - Methods
	Slide 78: Background - Methods
	Slide 79: Methods
	Slide 80: Methods
	Slide 81: Methods
	Slide 82: Methods
	Slide 83: Methods
	Slide 84: Methods
	Slide 85: Methods
	Slide 86: Introduction to SI
	Slide 87: Introduction to SI
	Slide 88: Introduction to SI
	Slide 89: Methods
	Slide 90: Methods
	Slide 91: Methods
	Slide 92: Methods
	Slide 93: Methods
	Slide 94: Methods
	Slide 95: Methods
	Slide 96: Methods
	Slide 97: Methods
	Slide 98: Methods
	Slide 99: Methods
	Slide 100: Methods
	Slide 101: Methods
	Slide 102: Methods
	Slide 103: Methods
	Slide 104: Methods
	Slide 105: Methods
	Slide 106: Methods
	Slide 107: Methods
	Slide 108: Methods
	Slide 109: Methods
	Slide 110: Methods
	Slide 111: Methods
	Slide 112: Methods
	Slide 113: Methods – boundary conditions
	Slide 114: Methods – boundary conditions
	Slide 115: Methods – boundary conditions
	Slide 116: Methods – boundary conditions
	Slide 117: Methods – boundary conditions
	Slide 118: Methods – boundary conditions
	Slide 119: Methods – boundary conditions
	Slide 120: Methods – Discretization Error
	Slide 121: Methods – Discretization Error
	Slide 122: Methods – Discretization Error
	Slide 123: Methods – Discretization Error
	Slide 124: Methods – Discretization Error
	Slide 125: Methods – Discretization Error
	Slide 126: Methods – Discretization Error
	Slide 127: Methods
	Slide 128: Methods
	Slide 129: Connection with Other Approaches
	Slide 130: Results
	Slide 131: Results
	Slide 132: Results
	Slide 133: Summary:
	Slide 134: Summary:
	Slide 135: Summary:
	Slide 136: Summary:
	Slide 137: References:
	Slide 138: References:
	Slide 139: References:
	Slide 140: Thank you!  Yuanqi Du & Jiajun He yd392@cornell.edu jh2383@cam.ac.uk 

