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and Whete o Find Them
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“Density Ratio” and Radon-Nikodym Derivative

£ Don’t freak out about the name Radon-Nikodym Derivative
--- it’s just the “density ratio”

~Very informally, let P and Q be two measures with density p and g, their density ratio is the
Radon-Nikodym Derivative (RND), denoted as

p(x) _ d_P(
a _ daQ™

~The density is essentially the RND w.r.t to Lebesgue measure
dP d
P = T @40 = T2

- RND is helpful for spaces without Lebesgue measure



Stochastic Differential Equations

.| Forward SDE
dX, = f(X,, t)dt + o,dW,

...] Backward SDE
dX, = g(X,, t)dt + o, AW,

Intuitive understanding by Eular-Maruyama Discretisation:

Xne1 — Xn = f(Xp, tp)At + O_n\/A_tE
Xns1 — Xn = 9(Xni1, tas )AL + 0y VALE



From Gaussian Density Ratio to Path RND

Xns1 — Xn = [ (X, tp) AL + O-n\/A_tE
? for a discretised path sample {X;, X5, ... Xy}, what is its density?
Geansitiondensity: P (X41[X5) = N K1 X + F K, )AL, 02A1)

L Full path density: p(Xl,XZ, ---XN) — p(Xl)Hp(Xn+1|Xn)



From Gaussian Density Ratio to Path RND

Now take a closer look at

N(Xn+1 |Xn + f(Xru tn)At» O-%At)

— (o, VALe)? 1
logp = (o ) — loga, —[ElogAt]+ C

e density diverge when At =- 0




From Gaussian Density Ratio to Path RND

But what if we have another SDE:
P1 = N(Xn+1 |Xn T f(Xn» tn)At: O-T%At)

P2 = N(Xn+1|Xn + h(an tn)Atr G%At)

(2X,,.1—2X,, — hAt — fAE)(hAL — FAY)

lo — 1 =
gp1 — 108P; 20',%At

®® density ratio did NOT diverge when At — 0



From Gaussian Density Ratio to Path RND

For solution X to one SDE: dX; = f (X, t)dt + o, dW,,
we cannot define its density p(Xo)[Tp (X¢+q¢ 1 Xe)

But with another SDE: dX; = h(X;, t)dt + o,dW/,,

d
T



Forward-forward RND and Girsanov

P: dX; = f(X, t)dt + o, dW;, Xy ~ pg
Q: dX; = h(X;, t)dt + o, dW;, Xy ~ qq

dP p(X)IIN: (Xnt1|Xn)
dQ Q(XO)MNZ (Xn+1|Xn)




Forward-forward RND and Girsanov

P: dX; = f(X;, t)dt + o,dW;, Xy ~ pg
Q: dX; = h(X;, t)dt + o, dW;, Xy ~ qq

2 2 2
) 20¢ of 20¢

P X (X, 2(%, (X, (%,
P 1y =1 o)exp(jf(tz).dxt_f( g [80D gy, ¢ >dt)

_/

v v
Forward Ito Integral] a;(X;) - dX; = limz a,(X;,) - Xns1 — X))
Initial density ratio



Forward-backward RND

P: dX;, = f(X,, t)dt + o, dW,, Xy ~ Py
Q: dX; = g(X;, t)dt + o, dW, X; ~ q4

dP ~ Po(Xo)[IN: (Xpn+11Xn)
dQ ql(Xl)HNZ (Xn|Xn+1)




Forward-backward RND

P: dX;, = f(X,, t)dt + o, dW,, Xy ~ Py
Q: dX; = g(X;, t)dt + o, dW, X; ~ q4

dP __ Do (Xo) fe(Xe) fe (Xe) g:(Xy) —  gf(Xe)
dfa (X) = (X)) exp( g -dX; — 207 dt — f g -dX; + 207 dt)
\/./ — —— _J

Initial densities Backward Ito Integral

j a.(X¢) (d—Xt = limz Apr1Xnt1) - Kns1 — Xn)



Forward-backward RND

P: dX;, = f(X,, t)dt + o, dW,, Xy ~ Py
Q: dX; = g(X;, t)dt + o, dW, X; ~ q4

dP __ Do (Xo) fe(Xe) fe (Xe) g:(Xy) —  gf(Xe)
dfa (X) = (X)) exp( g -dX; — 207 dt — f g -dX; + 207 dt)
\/./ — _

Initial densities o JIN (X1 1 X))
im
HNZ (Xn|Xn+1)




A Side Note on Stochastic Intergrals
Ito forward integral

[ a0 dxe =tim Y an() - (e = Xo)

Ito backward integral

f a.(X;) (d_Xt = limz: An+1(Xnt1) - Xnt1 — Xn)

Stratonovich integral

X, ) + X
jat(Xt) o dXt _ limz an( n) ;n+1( n+1) . (Xn+1 _Xn)




A Side Note on Stochastic Intergrals

Ito forward integral

[ a0 dxe =tim Y an() - (e = Xo)

Ito backward integral

f a.(X;) (d_Xt = limz: An+1(Xnt1) - Xnt1 — Xn)

Conversion rule:

j ar(X,) - dX, — j ap(X,) - X, = — j 02V - a,dt



Time-reversal and Nelson’s relation

P: dX, = f(X,, t)dt + o, dW,, Xy ~ Py
Q: dX; = g(X,, t)dt + o, dW,, X; ~ py

b

_ dQ
—Pie —=1
Q=Ple,5p

iff
g, t) = f(-,t) — a2 Vlog p:(-)



Time-reversal and Nelson’s relation

P: dX, = f(X,, t)dt + o, dW,, Xy ~ Py
Q: dX; = g(X,, t)dt + o, dW,, X; ~ py

—

_ dQ
—Pie —=1
Q=Ple, 3p

iff
g, t) = f(,t) — a2 Vlog p(-)

e.g., 0in VE process score



Where to Find Path RND?

Path RND is no different than other Density Ratios

~ You can do Importance Sampling
~ You can do Variational Inference

lead to a variety of methods!



Importance Sampling with Path RND

Importance Sampling:

Ey-p [f(x)] = = Eyq [p( %)

o
Importance Sampling in Path space:

dP
EX~P[f(X)] — EX~Q [ﬁ (X)f(X)]



Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g

J




Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g Py =P

P4
X1 ~p1 X; ~ MCMCpt(Xt_l) “Forward Process” p, P3 /\
p1=4q
Xy ~bPn  Xioq ~ MCMCpt(Xt) “Backward Process”

E,, [f (1= [ fGen)p Cen)TTP Gony 1) dx \

- f(xCIIV ()?Z()%V;l(_xi(lfc::ﬂxn) q(x)[1p (e lxn—1)dx \Z -/

Proposal




Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g Py =P
D4

X1~ Dq X¢ L ULA(Xt_l)\ “Forward Process” - Ps /\
Xy ~ Dy Xt‘G ~ ULA(Xt)) “Backward Process” o
Ex-p [ (0= [ £ Gen)p Gen) TNCEn—1 %) \

F o) G TIN ) il /

X X | X—1)dx
aCOTING ) 2T n) AN

Proposal



Importance Sampling with Path RND: AIS

Estimate: E,...,[f (x)] with proposal g Py =P

Taking the limit... (oo intermediate distributions)




Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g Py =P

Pa
X1 ~q=p1 X;~ULA(X;_;) “Forward Process” 5, P3 /\
b1 =4
Xy ~pP=by Xq_1~ULA(X,)  “Backward Process” '

Ep[f 0)]= [ £ Cen)p ) TIN (p—q |2 dx \

B P(XN)H ( n—1| n)
= | Fon S N G (G IV Gl N




Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g Py =P
Pa
Xl ~q =D dX, = —UZVUt(Xt)dt + Ux/id—Wt), 5, P3 /\
XN ~ D =Dn dX, = a?VU,(X,)dt + o2 dW, SN
E..p[f (0)]= [ £ Cen)PCon)TIN (-1 1) \

_ p(xn)IIN Cep—qlx,)
= J o TNy G IV Gt ) NSNS



Importance Sampling with Path RND: AIS

Estimate: E,_,[f (x)] with proposal g Py =P
D4
X1 ~q=p; dX, = —0?VU.(X,)dt + Uﬁd—Wt), 5 P3 /\
XN ~ D =Dn dX, = a?VU,(X,)dt + o2 dW, SN
E..p[f (0)]= J £ Gen)PGen)TIN (s 2 )l \ \
_ dp |
= [roy ” X))

Ex-plf(X)] = Ex-q [— (X)f (X)]



From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

—

dP

dQ



From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

dP p(X,) VU, of VU, — of
—_— = _— X - — . dX, — — 2
10" a8 exp(j —-d - |vut| dt+j = dX, — - |VU|*dt




From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

dP p(X,) VU, of VU, — of
—_— = _— X - — . dX, — — 2
10" a8 exp(j —-d - |vut| dt+j = dX, — - |VU|*dt

p(Xl) VU, VU,
KON ( e+ [ dxt)




From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

dP p(X,) VU, of VU, — of
— = _— X - — . dX, — — 2
RS exp(j —-d 42 |vut| dt+j = dX, ——-|VU,|2dt

X VU VU, :
PEX% ( tax, + f_t dXt) ¢ conversion rule
q\Ag



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
dP  p(Xy) VU, o2 VU, — o
— = — - dX —VU dt — - dX, — —|VU,|*dt
dQ ~ q(Xo) exp (j 5 e +—|VU|? ‘|‘j 5 t " VU]
X VU VU, —— .
P ol [ 2 dX, + f—t dX, . conversion rule
CI(XO)

p(X1) f j
= ex VU, -dX; + | 0?AU,dt
CI(Xo) p( t t t t



From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

dP p(X1) J J
— = ex VU, -dX, + | c?AU,.dt
dQ CI(XO) p( t t t t




From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

dP  p(X
0 P(X1) exp JVUt - dX; + j oAU, dt ¢ lto’slemma
Q  a(Xo) df, (X)) = (B f (X)) + oFAL)AL + VU, - dX,




From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
AP p(Xy) r ]
— = ex VU, -dX, + | c?AU,.dt
dQ CI(XO) P ] t t t t

_pX) exp ( erUt(Xt) - atUt(Xt)dt>



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X, ~p dX, = o2VU,(X,)dt + o2 dW,,
dP  »p(X
25 e
X
_ ZEXS exp ( erUt(Xt) - atUt(Xt)dt>
X
= ZEX:S exp (U1(X1) — Up(Xp) + f_atUt(Xt)dt>



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
AP p(Xy) r ]
— = ex VU, -dX, + | c?AU,.dt
dQ CI(XO) P ] t t t t

_pX) exp ( erUt(Xt) - atUt(Xt)dt>

_ Zyexp(—U;(X1))
Z1exp(—Uy (X))

exp <U1(X1) — Up(Xop) + J_atUt(Xt)dt>



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
AP p(Xy) r f
— = ex VU, -dX, + | c?AU,.dt
dQ CI(XO) P ] t t t t

_pX) exp ( erUt(Xt) - atUt(Xt)dt>

A
:sz o J;eXp<Ur(%1) Uolo) + | —atUt<Xt>dt)




From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
AP p(Xy) r ]
— = ex VU, -dX, + | c?AU,.dt
dQ CI(XO) P ] t t t t

_pX) exp ( erUt(Xt) - atUt(Xt)dt>



From AIS to Jarzynski Equation & Crooks Theorem

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

d_P — @exp f_atUt(Xt)dt . Crooks Fluctuation Theorem
dQ 7,



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
dp — Z_exp f_atUt(Xt)dt . Crooks Fluctuation Theorem
dQ A

dP
Eq E] = Egq [— exp (J 6tUt(Xt)dt>]




From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
dp — Z_exp f_atUt(Xt)dt . Crooks Fluctuation Theorem
dQ A

7
Eq [exp ( j atUt(Xt)dt>] Z(l)



From AIS to Jarzynski Equation & Crooks Theorem

Xo~q dX, = —o2VU,(X,)dt + o2 dW,,

X1~p dX, = 02VU,(X,)dt + V2 dW,,
dp — Z_exp f_atUt(Xt)dt . Crooks Fluctuation Theorem
dQ A

Z . .
Eq [exp (] atUt(Xt)dt>] Z(l) . Jarzynski Equation



From Jarzynski to Escorted Jarzynski

Xo ~ q dX, = —o2VU,(X,)dt + ov2 dW,,
X1~p dX, = 02VU,(X,)dt + V2 dW,,

The evolving of samples is slower than that of energy
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From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

The evolving of samples is closer to than that of energy



ULA fwd
- == Escorted fwd
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From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

t 1 2 2 O-ZVUt + ut — 1 2 2
20_2 * dXt + r‘_tz |0-t VUt _utl dt + 20_2 * dXt - r‘_tz |O-t VUt +ut| dt

dP  p(X,) . f o2VU, — u
= X
dQ ~ qxp) "



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP _ p(X1) o*VU; — U 1 oV, +up o 1
= . dX, + — |02V, —u,|? dt f T — L 152 )
R CON f 207 e+ ggz ot VU mwlP Ao+ [ == dX, = 375 |0r VU, w7 dE

...conversion rule...



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP _ p(X1) o*VU; — U 1 oV, +up o 1
= . dX, + — |02V, —u,|? dt f T — L 152 )
R CON f 207 e+ ggz ot VU mwlP Ao+ [ == dX, = 375 |0r VU, w7 dE

...conversion rule...

...[to’s Lemma...



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP _ p(X1) o*VU; — U 1 oV, +up o 1
= . dX, + — |02V, —u,|? dt f T — L 152 )
R CON f 207 e+ ggz ot VU mwlP Ao+ [ == dX, = 375 |0r VU, w7 dE

...conversion rule...
...[to’s Lemma...

..cancel U; and U,...



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP _ p(X1) o*VU; — U 1 oV, +up o 1
= . dX, + — |02V, —u,|? dt f T — L 152 )
R CON f 207 e+ ggz ot VU mwlP Ao+ [ == dX, = 375 |0r VU, w7 dE

...conversion rule...
...[to’s Lemma...

..cancel U; and U,...

dP  Z,
dQ = Zl exp J_atUt(Xt)dt_VUt utdt+Vutdt




From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP 7,
dQ = Zl eXp (f_atUt(Xt)dt - VUt y utdt + V . utdt>



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

P Z
dQ — Zj eXp (f_atUt(Xt)dt - VUt * utdt + V * utdt>

. Controlled Crooks Fluctuation Theorem



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

dP  Z

dQ = Zj eXp (f_atUt(Xt)dt - VUt y utdt + V . utdt>

. Controlled Crooks Fluctuation Theorem

_ 4

. Escorted Jarzynski Equation



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

P Z
dQ — Zj eXp (f_atUt(Xt)dt - VUt * utdt + V * utdt>

. Controlled Crooks Fluctuation Theorem

YA
EQ [exp <f_atUt(Xt)dt — VUt * utdt + V * utdt>] — Z_l
0
. Escorted Jarzynski Equation

Can also be derived via PDEs [1] / Feynman-Kac formula [2]:
[1] Albergo, M. S., & Vanden-Eijnden, E (2025). NETS: A Non-equilibrium Transport Sampler. ICML 2025.
[2] Skreta, M., Akhound-Sadegh, T., Ohanesian, V., Bondesan, R., Aspuru-Guzik, A., Doucet, A., ... & Neklyudov, K. (2025).
Feynman-kac correctors in diffusion: Annealing, guidance, and product of experts. ICML 2025.



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

- Setting 1: access sample for g + density of g + energy of p (neural samplers)



From Jarzynski to Escorted Jarzynski
XO ~q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt + O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,
Question: How to find u,;?
- Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process



From Jarzynski to Escorted Jarzynski

Xo~q dX, = [-02VU,(X,) + u,(X,)]dt + a2 dW,,
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

- Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process
match the marginal p; of sampling process to U;



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

- Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process - CMCD [1]
match the marginal p; of sampling process to U; - NETS [2]

[1] Vargas, F., Padhy, S., Blessing, D., & Nisken, N. (2024). Transport meets variational inference: Controlled monte carlo diffusions. ICLR 2024.
[2] Albergo, M. S., & Vanden-Eijnden, E. (2025). Nets: A non-equilibrium transport sampler. ICML 2025.



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

- Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process - CMCD [1]
match the marginal p; of sampling process to U; - NETS [2]

-~ Setting 2: access sample and energy for g and p (e.g., aim to estimate Z,/Z;)

[1] Vargas, F., Padhy, S., Blessing, D., & Nisken, N. (2024). Transport meets variational inference: Controlled monte carlo diffusions. ICLR 2024.
[2] Albergo, M. S., & Vanden-Eijnden, E. (2025). Nets: A non-equilibrium transport sampler. ICML 2025.



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

- Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process - CMCD [1]
match the marginal p; of sampling process to U; - NETS [2]

- Setting 2: access sample and energy for g and p (e.g., aim to estimate Z,/Z,)
learn VU, and u; at the same time (e.g., by stochastic interpolant)

[1] Vargas, F., Padhy, S., Blessing, D., & Nisken, N. (2024). Transport meets variational inference: Controlled monte carlo diffusions. ICLR 2024.
[2] Albergo, M. S., & Vanden-Eijnden, E. (2025). Nets: A non-equilibrium transport sampler. ICML 2025.



From Jarzynski to Escorted Jarzynski

XO ~ q dXt — [_O-ZVUt(Xt) + ut(Xt)]dt -+ O-\/E d—VVt),
Xi~p  dX, = [02VU,(X,) + u,(X,)]dt + ov/2 dW,

Question: How to find u,;?

Setting 1: access sample for g + density of g + energy of p (neural samplers)

match the forward & backward process - CMCD [1]
match the marginal p; of sampling process to U; - NETS [2]

Setting 2: access sample and energy for g and p (e.g., aim to estimate Z,/Z;)
learn VU; and u; at the same time (e.g., by stochastic interpolant) ¢ FEAT [3]

[1] Vargas, F., Padhy, S., Blessing, D., & Nisken, N. (2024). Transport meets variational inference: Controlled monte carlo diffusions. ICLR 2024.
[2] Albergo, M. S., & Vanden-Eijnden, E. (2025). Nets: A non-equilibrium transport sampler. ICML 2025.
[3] He, J., Du, Y., Vargas, F., Wang, Y., Gomes, C. P., Hernandez-Lobato, J. M., & Vanden-Eijnden, E. (2025). FEAT: Free energy Estimators with Adaptive Transport. arXi
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dP
AlS Ex-plf (X)] = Ex~q [@ (Xf (X)]
- Z
Jarzynski EQ exp <f atUt(Xt)dt)] Z(l)
. ' 7,
Escorted Jarzynski Eq [exp (f—atUt(Xt)dt — VU, - u,dt + V- utdt>] =
| 0
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dP
AlS Ex-plf(X)] = Ex~q [ﬁ (X)f(X)]

Jarzynski Eq
Escorted Jarzynski Eq

Z = jexp(—U(X))dX

Z
exp< f 6tUt(Xt)dt)] z(l)

Z4

exp (f_atUt(Xt)dt — VUt . utdt + V- utdt>] = —

Zo
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dP
AlS Ex-plf (X)] = Ex~q [@ (Xf (X)]
- Z
Jarzynski EQ exp <f atUt(Xt)dt)] Z(l)
. ' 7,
Escorted Jarzynski Eq [exp (f—atUt(Xt)dt — VU, - u,dt + V- utdt>] =
| 0

Z = ]exp(—U(X))dX

p(X) = fp(Z, X)dz . p(X) is the normalization factor for p(Z|X) « p(Z, X)
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Importance Sampling with Path RND
dX, = g(X,,t)dt + a,dW,, X; ~ N(0, )

? Whatis py(x) att = 0?

x ~ N(X|Z),p(Z) ~ N(O,v)
? Whatis p(x)?
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Marginal density relation with importance sampling:

p(x) = E; pizix) [1]p(x)

— Ez~p(z|x) [p (X)]

— E p(x)p(z|x)
— T aED | g(zix)
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Marginal density relation with importance sampling:

p(x) = E; pizix) [1]p(x)

— Ez~p(z|x) [p (X)]

_E ()P (z|x)
— z~q(z]x) - q(zlx) |

_E p(2)p(x|2)]
Tz | gz
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Marginal density relation with importance sampling:
& Let’s rewrite it in a path!
p(x) — Ez~p(z|x) [1]p(x) Po(x) —

= Ez pzIx) [p(x)] —

_E ()P (z|x)
— z~q(z]x) - q(zlx) |

_E p(2)p(x|2)]
Tz | gz
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p(x) = E; pizix) [1]p(x)
— Ez~p(z|x) [p(x)]

_E P (z]x)|

2~q4ZX) | q(zlx)

_E p(2)p(x|2)]
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Marginal density relation with importance sampling:
& Let’s rewrite it in a path!

p(x) = E; pizix) [1]p(x)
— Ez~p(z|x) [p(x)]

_E P (z]x)|

z~q(z|x) - q(z]x)

_E p(2)p(x|2)]
Tz | qzix)

po(x) = Ex v~p(Xin|Xo=x) [1]po(x)

= Ex v~p(X1n1X0=2) [P0 (X)]
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Marginal density relation with importance sampling:
& Let’s rewrite it in a path!

p(x) = E; pizix) [1]p(x)
— Ez~p(z|x) [p(x)]

_E ()P (z|x)

2~q4ZX) | q(zlx)

_E p(2)p(x|2)]
Tz | gz

po(x) = Ex v~p(Xin|Xo=x) [1]po(x)

= Ex, y~p1y1%0=2) [P0 (X)]

= EXl:NNCI(Xl:NlXO =X) [

Po(X)p(X1:n|Xp=x)

q(X1:.N|Xo=X)



Importance Sampling with Path RND

Marginal density relation with importance sampling:
& Let’s rewrite it in a path!

p(x) — Ez~p(z|x) [1]p(x) Po(x) — EXl:N~p(X1:N|X0:x)[1]p0(x)

= E; pz0lp(x)] = Ex v~p(X1n1X0=2) [P0 (X)]

_E ()P (z|x) _ Do (X)p(X1.n1Xo=%)
— bz~q(z|x) _ q(z|x) | — PX1N~q(X1:N|Xo=x) ] q(X1.N|Xo=X)
_E _p(z)p(x|z)_ —E _P(X1:N,X0=x)

— bz~q(z|x) _ q(z|x) | o Xl:NNCI(Xl:leozx) _CI(Xl:N|XO=x)
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p(Xi.n, Xy = x)

= E ~ =
P(x) = Ex, y~qXpnlXo=2) [q(Xl:N|X0 = X)



Importance Sampling with Path RND

p(Xi.n, Xy = x)
q(X1.n|Xo = x)

p(x) = EXl:NNCI(Xl:Nl)(O:x) [

D: dXt — g(th t)dt + O-tth’XN ~ N
q: dXt — h(Xt, t)dt + O-tth
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p(x) = EXl:NNCI(Xl:Nl)(O:x) [

p(Xi.n, Xy = x)
q(X1.n|Xo = x)

D: dXt — g(th t)dt + O-tth’XN ~ N
q: dXt — h(Xt, t)dt + O-tth

.“Np (Xn|Xn+1)

p(x) — EXl:NNCI(Xl:N|XO=x) [

J...Nq (Xn+1|Xn)

N (XN)]
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p: dX; = g(X;, t)dt + o, dW, Xy ~ N
q. dXt — h(Xt, t)dt + O-tth

- [IN, (X0 | Xns1)
p X1:.N~q(X1:N|Xo=X) Nq (XTL+1|XTI)

N(Xy)



Importance Sampling with Path RND

P(x) = Ex, y~q(x1n1%o=x) |

_JLNp(Xn|Xn+1)

Forward-backward RND

P dX; = f(X,, O)dt + o, dWy, X,
Q: dX;, = g(X,, t)dt + g, dW,, X,

~ Po

~
dP - po (Xo) fe(Xe) fEX) 9:(XD) —  giXo)
f(X)——Xexp(J‘g—rz.dX(—Wdt—Ja—tz.dxz+Wdt

nitial densities Backward al

ard Ito Integr:
[t T =ty s ) G = 10)

J_..Nq (Xn+1|Xn)

/

p: dX; = g(X;, t)dt + o, dW, Xy ~ N
q. dXt — h(Xt, t)dt + O-tth

N(Xy)



RECALL: Forward-backward RND

( 00 gy, FEODy, (800 o 6ECD dt)

Zat of 207

R

—_——

im HNl (Xn+1 |Xn)
HNZ (Xn|Xn+1)
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p (x) = EXl:NNQ(Xl:leozx)

..“Ng (Xn|Xn+1)

Forward-backward RND

P dX; = f(X,, O)dt + o, dWy, X,
Q: dX;, = g(X,, t)dt + g, dW,, X,

~ Po

~
dP - po (Xo) fe(Xe) fEX) 9:(XD) —  giXo)
f(X)——Xexp(J‘g—rz.dX(—Wdt—Ja—tz.dxz+Wdt

nitial densities Backward al

ard Ito Integr:
[t T =ty s ) G = 10)

‘.“Nh(Xn+1|Xn)

/

p: dX; = g(X;, t)dt + o, dW, Xy ~ N
q. dXt — h(Xt, t)dt + O-tth

N(Xy)
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N

Q: dX; = f (X, t)dt + o dW, X1 ~ q(Xp)

| X “(Xe t) <o %
o= gy 8 - [ 2. a5, 200 900 a0,

cdX, — 2 de
Ot
Forward-backward RND /

of 20¢
= f(X, O)dt + o, AW, X

~Po
Qd = g(X,, )dt + 0,dW,, X; ~ gy
) e

P () [0 D
E(’”‘me""(f L [0

t 20¢ )
Initial densities Backward Ito Integral

LHOD)

[t T =ty s ) G = 10)
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N

Q: dX; = f (X, t)dt + o dW, X1 ~ q(Xp)

fe(X¢) fe (X,) J 9:(Xe) — gi (Xt)
x) = Eq/. N(X{)exp| — -dX; + dt + - dX; — dt
P(x) = Eq(|xy) [N (Xn)exp o2 Gt g2 o7 ' 207
Forward-backward RND /
__(f ;a_; ) For simplicity, we hereafter call

92
20

Rg (X)-es < th 0y SO0, fat 9K o GEOD )
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p(x) = Eq(.1x,)

P: dX, = g(X,, t)dt + o, dW,, X; ~ N

Q: dX; = f (X, t)dt + o dW, X1 ~ q(Xp)

- 2
N (X1)exp (—thgt)-dXt +ft ()gt) dt+J 9:(Xy) LdX, — ge (Xo)

20 of

Forward-backward RND

/

For simplicity, we hereafter call

R}g ( X) g HN (XnlXn+1)

HNh(Xn+1|Xn)

2
20¢

‘)
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N

Q: dX; = f (X, t)dt + o dW, X1 ~ q(Xp)

p() = Eq(.x,) [NDRY (X017
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P: dX, = g(X,,t)dt + 0,dW,, X; ~ N
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N
Q: dXt — f(Xt, t)dt + O-tth,Xl ~ (Xo)

A
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N
Q: dXt — f(Xt, t)dt + O-tth,Xl ~ (Xo)

What’s p(x)? g
p( ) ey ~ ’?rﬁf‘?"’*'?’"“
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p(x) = EQ(-|XO) [N(X1)R}g (X[o,1])]
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P: dX, = g(X,, t)dt + o, dW,, X; ~ N
Q: dXt — f(Xt, t)dt + O-tth'Xl ~ (Xo)

What’s p(x)? | | L
W\2 y
) M»"ﬁ%ﬁm . - : s
WA ‘v Ay o/ m‘r
AR T

) ad
“aba
Ty e \"p:.-ﬂ'#n"u' W' )

AL e

’

p(x) = EQ(-|XO) [N(X1)R}g (X[o,1])]

Can also be derived from Feynman-Kac formulation as shown in [1] and [2]:
[1] Huang, C. W., Lim, J. H., & Courville, A. C. (2021). A variational perspective on diffusion-based generative models and score matching. NeurlPS 2021.
[2] Premkumar, A. (2024). Diffusion density estimators. arXiv.
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P: dX, = g(X,,t)dt + 0,dW,, X; ~ N

- [ Q: dX; = f(X;, t)dt + o, dW, Xq ~ %XO) ] .
rnﬁ‘&%»%
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P: dX, = g(X,,t)dt + o,dW,, X; ~ N
P: dXt = f(XtI t)dt + O-tth’XO ~ Do
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Special Case: time-reversal proposal

P: dX, = g(X,,t)dt + o,dW,, X; ~ N
P: dXt = f(Xt' t)dt + O-tth'XO ~ Do

dp

d_P(XO — X,X(Ojl]) — 1

\_

Forward-backward RND
P:dX, = f(X,,0)
Q: dX; = g(X,,1t)

o) [ [ fel%)

™ ﬁ“"‘"(f P

Initial densities
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Special Case: time-reversal proposal

P: dX, = g(X,, t)dt + o, dW,, X; ~ N dP
P: dXt = f(Xt' t)dt + O-tth'XO

N(X;)
po(Xo = x) T

~ Po

N\

RY (Xo,11) = 1

P
(XO = X, X(Ol]) =1

Forward-backward RND
P:dX, = f(X,,0)
Q: dX; = g(X,t)
o) ([ fetx)
_Q q )exp(Jg—-d){l

Initial densities
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Special Case: time-reversal proposal

P: dX, = g(X,,t)dt + o,dW,, X; ~ N
P: dXt = f(Xt' t)dt + O-tth'XO ~ Do

N(X1)R{ (Xj0,11) = Po(Xo = x)

dp

d_P(XO — X,X(Ojl]) — 1

\_

Forward-backward RND
P:dX, = f(X,,0)
Q: dX; = g(X,t)
o) ([ fetx)
_Q q )exp(Jg—-d){l

Initial densities
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Special Case: time-reversal proposal

P: dX, = g(X,,t)dt + o,dW,, X; ~ N
P: dXt = f(Xt' t)dt + O-tthIXO ~ Do

What’s p(x)?
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Special Case: time-reversal proposal

P: dX, = g(X,,t)dt + o,dW,, X; ~ N
P: dXt = f(Xt' t)dt + O-tthIXO ~ Do

What’s p(x)?

Can be derived by PDEs as shown in [1] and [2]:
[1] Karczewski, R., Heinonen, M., & Garg, V. (2025). Diffusion Models as Cartoonists: The Curious Case of High Density Regions. ICLR 2025.
[2] Skreta, M., Atanackovic, L., Bose, A. J., Tong, A., & Neklyudov, K. (2025). The Superposition of Diffusion Models Using the Ito Density Estimator. ICLR 2025
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Special Case: time-reversal proposal

@ this estimated density has large error:
) ¢ Imperfect time-reversal
X Discretisation error

Can be derived by PDEs as shown in [1] and [2]:
[1] Karczewski, R., Heinonen, M., & Garg, V. (2025). Diffusion Models as Cartoonists: The Curious Case of High Density Regions. ICLR 2025.
[2] Skreta, M., Atanackovic, L., Bose, A. J., Tong, A., & Neklyudov, K. (2025). The Superposition of Diffusion Models Using the Ito Density Estimator. ICLR 2025
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Special Case: time-reversal proposal

@ this estimated density has large error:
) ¢ Imperfect time-reversal
X Discretisation error

L Only look at small intervals

Can be derived by PDEs as shown in [1] and [2]:
[1] Karczewski, R., Heinonen, M., & Garg, V. (2025). Diffusion Models as Cartoonists: The Curious Case of High Density Regions. ICLR 2025.
[2] Skreta, M., Atanackovic, L., Bose, A. J., Tong, A., & Neklyudov, K. (2025). The Superposition of Diffusion Models Using the Ito Density Estimator. ICLR 2025
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L2 Only look at small intervals
P: dX; = gXi, )dt + o, dW, X ~p tE€]r,T]
P: dX; = f(X, t)dt + o, dW; X, ~p, tE€][1,1]

P (X 1)
ety e =
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L2 Only look at small intervals
P: dX; = gXi, )dt + o, dW, X ~p tE€]r,T]
P: dX; = f(X, t)dt + o, dW; X, ~p, tE€][1,1]

- Equal density sampling:

for two diffusion models, find sample has same density under both models

- Calculate SMC weights:

for one (or several) DMs, steer the distribution by tilting/annealing/composition

- Energy regularisation:

Train an energy-based diffusion model by ensuring this relation for all time intervals



Example: Diffusion Inference-time Steering with Path RND

‘< Problem Setup:
Given a pretrained model for p,, generate samples ~ py(x)exp(r(x))
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* Define a sequence of intermediate target densities q; X p;(x¢)exp(r:(x¢));
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‘< Problem Setup:
Given a pretrained model for p,, generate samples ~ py(x)exp(r(x))
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Example: Diffusion Inference-time Steering with Path RND

‘< Problem Setup:
Given a pretrained model for p,, generate samples ~ py(x)exp(r(x))

L4 Strategy:
* Choose a heuristic guidance process;
* Define a sequence of intermediate target densities q; X p;(x¢)exp(r:(x¢));
* Do importance-resampling to move samples at g,/ to q; (t < t')

We already learned about this pipeline from Raghav (Feynman-Kac Steering); Marta
(Feynman-Kac Corrector); Luhuan (RDSMC) during the talks
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have {x} ~ q,/, how to obtain exact sample {x} ~ q;
* Choose a heuristic guidance process;

dX; = (score + guidance) dt + g, dW;, X1~ qyr

* Define a sequence of intermediate target densities q; X ps(x;)exp(r:(x¢));

* Do importance-resampling
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Example: Diffusion Inference-time Steering with Path RND

have {x} ~ q,/, how to obtain exact sample {x} ~ q;
* Choose a heuristic guidance process;

“proposal” dXt = a(Xt, t)dt ~+ O'tth, XT’ ~ {q.
“target”? dXt = b(Xt, t)dt + O'tth, XT ~ (r

* Define a sequence of intermediate target densities q; X ps(x;)exp(r:(x¢));

* Do importance-resampling

target

W
proposal



Example: Diffusion Inference-time Steering with Path RND

have {x} ~ q,/, how to obtain exact sample {x} ~ q;
* Choose a heuristic guidance process;

“proposal” dXt = a(Xt, t)dt ~+ O'tth, XT’ ~ {q.
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have {x} ~ q,/, how to obtain exact sample {x} ~ q;

* Choose a heuristic guidance process;
— a(Xt, t)dt T O-tth,
— b(Xt, t)dt T O-tth

* Define a sequence of intermediate targe

“proposal’

“target”?

* Do importance-resampling
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have {x} ~ q,/, how to obtain exact sample {x} ~ q;

* Choose a heuristic guidance process;
dXt — a(Xt, t)dt T O-tth,
dXt — b(Xt, t)dt T O-tth
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“target”?

* Do importance-resampling
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Example: Diffusion Inference-time Steering with Path RND

have {x} ~ q,/, how to obtain exact sample {x} ~ q;
* Choose a heuristic guidance process;

“proposal” dXt = a(Xt, t)dt ~+ O'tth, XT’ ~ {q.
“target”? dXt = b(Xt, t)dt + O'tth, XT ~ (r

* Define a sequence of intermediate target densities q; X ps(x;)exp(r:(x¢));

* Do importance-resampling
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P: dX; = diffusion denoising dt + o,dW, X_ ~p_ tE€ [1,T]
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Example: Diffusion Inference-time Steering with Path RND

P: dX; = g(X;, t)dt + oo dW, X ~po t€|[1,7]
P. dX; = f(X, t)dt + o, dW, X,~p, tE€]r,T]
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Example: Diffusion Inference-time Steering with Path RND

* Choose a heuristic guidance process;
“proposal”  dX, = a(Xt, t)dt + o dWs, X1~ qyr
“target” dXt — b(Xt, t)dt T O-tth; XT ~ qT

* Define a sequence of intermediate target densities q; X ps(x;)exp(r:(x¢));

* Do importance-resampling

exp(17(x7))
cexXp (TT’ (xr’))

W X ng (X[T,T’]) 1/Rlcal(X[T,T’])
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Summary:
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exp(1z (X))
exXp (TT’ (XT’))

w X ng (X[T,T’]) 1/Rg(X[T,T’])

Summary:
- Define proposal and target process

- Define intermediate densities g; (by steering diffusion’s p;)

- Replace ratio between p; by forward-backward kernel ratio R



Example: Diffusion Inference-time Steering with Path RND

exp(1z (X))
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Example: Diffusion Inference-time Steering with Path RND

exp(1z (X))
exXp (TT’ (XT’))

w X ng (X[T,T’]) 1/Rg(X[T,T’])

Anneal target pf

W X [R]‘? (X[mr])]ﬁ 1/Ry (X771
Composition/CFG between 2 diffusions (pt( ))ﬁ (pt(z))

w o [RE (Xpeo)]| [RE (Xpewr)]” 1/RE )
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Rg (X) E:{p(—fﬁ LdX, + ft t)d _I_J'.'_?t( E_grz(;it}dt)
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Example: Diffusion Inference-time Steering with Path RND

Rg(X)—exp(—J’fr - dX, + f* t)d _|_ng€ X, — (i:} )

If we (1) plug-in this R,
and (2) choose target process f to be simple noising process:

We recover a path RND perspective for FKC [1]:
[1] Skreta, M., Akhound-Sadegh, T., Ohanesian, V., Bondesan, R., Aspuru-Guzik, A., Doucet, A., ... & Neklyudov, K.
(2025). Feynman-kac correctors in diffusion: Annealing, guidance, and product of experts. ICML 2025.
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Example: Diffusion Inference-time Steering with Path RND

g NG (X | Xnt1)
Rf (X) = lim J :

._..Nh (Xn+1|Xn)

If we (1) plug-in this R,

and (2) choose target process f to be simple noising process,
and (3) focus on reward-tilting

We recover a path RND perspective for TDS [1] / FKS[2]:

[1] Wu, L., Trippe, B., Naesseth, C., Blei, D., & Cunningham, J. P. (2023). Practical and asymptotically exact
conditional sampling in diffusion models. NeurlPS 2023.

[2] Singhal, R., Horvitz, Z., Teehan, R., Ren, M., Yu, Z., McKeown, K., & Ranganath, R. (2025). A general framework
for inference-time scaling and steering of diffusion models. ICML 2025.



Example: Diffusion Inference-time Steering with Path RND

Inference-time control with path RND (RN Estimator) [1]:
- flexible!
- plug-and-play!

-~ Unifying!

[1] He, J., Hernandez-Lobato, J. M., Du, Y., & Vargas, F. (2025). RNE: a plug-and-play framework for diffusion
density estimation and inference-time control. arXiv.



Example: Diffusion Inference-time Steering with Path RND

Diffusion Density Estimation

L It6 Density Estimator

J

fequivalent in continuous time

( RN Density Estimator

J<

perfect time-reversal

[ Feynman-Kac density relation

Importance Weights Estimation for Inference-time Control

[ Feynman-Kac Corrector J

special case

=)

RNE

}—>[ RN Corrector J

+IS

](_

special case in discrete time

[ Twisted Diffusion Sample J




Example: Diffusion Inference-time Steering with Path RND

Inference-time Annealing: (Alanine Dipeptide 800K to 300K)

Metric Energy TV(]) Distance TV(]) Sample W5())
Anneal score (wo SMC) 0.794 0.023 0.173%
FKC 0.338 0.022 0.289
In theory = FKC ¢~ RNC (¢, = 1, ¢ = 0) 0.386 0.017 0.282
Flexible choices ¢ - RNC (¢, = 0.6, ¢, = 0.4) 0.034 0.011 0.253
:‘\'—H—. 3x1071 f'x. .
s | S 2x107? ‘\‘\v =
gm_l E 1072 ; E —e— FKC
w 8 ] N RNC
—rrrr——®, 6x1034 % 2x10° M — %
x®1 ®5 x10x20 =50 x1 ®¥5 x10%20 x50 ®1 x5 x10x20 x50

Figure 6: Performance scaling with particle numbers in SMC.
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- SMC corrector



Takeaways So Far...

Path RND connects transition kernels with marginal densities
(known) (unknown)

- Density estimation
_ SMC corrector
? What else? Where do we also need density?
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Example: Energy-parameterised Diffusion Training

‘< Problem Setup:

train a diffusion model, parameterised by energy instead of score

Learned network ¢ P: dX; = g(X;, t)dt + o, dW,

Xy ~py tE]T, T'] dP
. — / (X ! ) — 1
P: dX, = f(X,, t)dt + o,dW, X, ~p, tE€][1,7] dp \ o7l
220.6

g —
AR A iU



Example: Energy-parameterised Diffusion Training

‘< Problem Setup:
train a diffusion model, parameterised by energy instead of score

Learned network ¢ P: dX; = g(X¢, t)dt + Gt(d—Wt X ~py te]r,T] ﬁ
Noising process ¢ P: dX, = f(X,, t)dt + o,dW, X,~p, t€][r,1] dP (X [m’]) =1
29060
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‘< Problem Setup:

train a diffusion model, parameterised by energy instead of score
Learned network ¢ P: dX; = g(X¢, t)dt + Gt(d—Wt X ~py te]r,T] dP
Noising process ¢ P: dX, = f(X,, t)dt + o,dW, X,~p, t€][r,1] Jap (X [m’]) =1

Learned network ¢ - pT, (XT’)
Learned network « pT (XT)
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Example: Energy-parameterised Diffusion Training

‘< Problem Setup:

train a diffusion model, parameterised by energy instead of score

Learned network ¢ P: dX; = g(X, t)dt + o, dW, X ~py tE|[1,7] dP
Noising process ¢ P: dX, = f(X,, t)dt + o,dW, X,~p, t€][r,1] _(X [m’]) =1

Learned network ¢ - pT, (XT’) g -
Learned network ¢ - pT (XT) Rf (X[T,T’]) —_ 1 +

T =1+ At




Example: Energy-parameterised Diffusion Training

0.003
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(a) Ground truth

(b) DSM
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0.003
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0.001
0.000

'—I

o

=1 0 1

(¢c) RNE regularise



Example: Energy-parameterised Diffusion Training

Table 4: Quality of samples obtained by run- 3
ning denoising process (denoted as DM) and
running MCMC on learned energy att = 0. > 0
-2
-3

Training method Sample Method Sample 12

DSM DM 0.1811
MCMC 0.9472 _
RNE Re DM 0.1809 (-a) Ground truth (b) DSM (c) RNE regularise
& MCMC 0.1836  Figure 8: Ramachandran plot of samples by MCMC

(with Metropolis—Hastings) on learned energy.

0.003
0.002
0.002

0.007
0.006
0.004
0.003

0.003
0.002
0.002
0.001
0.001
0.000

=
=

o
o

0.001
0.001 0.001

0.000

0.000
=i 0 1 —L 0 1

(a) Ground truth (b) DSM (¢c) RNE regularise
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Importance Sampling with Path RND

Importance Sampling:

o [f (O] = Eyg [P £ ()

q(x)

? What is the optimal proposal for f > 0?

q < pf
Importance Sampling in Path space:

dQ

d_P X
Explf (X)] = Exq |56 COF (D)



Importance Sampling with Path RND

Importance Sampling:

o [f (O] = Eyg [P £ ()

q(x)

? What is the optimal proposal for L > 0?

q X pL
Importance Sampling in Path space:

dQ
Explf (X)] = Exq |56 COF (D) P



Variational Inference with Path RND

Importance Sampling: Variational Inference:
o [f (O] = Exg [P £ ()] Tepl
q = min D|q,q"]
Importance Sampling in Path space: Variational Inference in Path space:
dQ*
X L
dP

Ex-plf (0] = Exq |35 COS (0] Q = min D[Q Q']



Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP
Q = min D[Q, Q"]
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Variational Inference in Path space:
dQ” .
X
dP
Q = min D[Q, Q"]

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po



Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP
Q = min KL[Q||Q"]

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po



Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP

Q = min Eq [logd Q]

P: dX, = b(X,,t)dt + o,dW, ~ Do
Q: dX; = (b + oyu)(X;, t)dt + o, dW, X, ~ Dy



Variational Inference with Path RND

Variational Inference in Path space:

dQ”
P « L
d dP
Q = min Eq [logd Q] = min Eq [logd—g + log 10"

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po




Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP

dQ dQ
Eqg |l =
Q = min Eq [ ogd ] = min Eq [log 1P logL]

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po



Variational Inference with Path RND

Variational Inference in Path space:
dQ”
< L
dP

dQ dQ
Ep |l =
Q = min Eq [ ogd ] = min Eq [log 1P logL]

P: dXt — b(Xt, t)dt _I_ O-tth XO ~ pO \ Forward-forward RND and Girsanov

P: dXt=f( + o dW,, Xy ~ py
Q: dX, = Jt)d.t+rr‘dW, Xo ~ qo

Q: dXt —_ (b + O-tU,) (Xt' t)dt + O-tth XO ~ po %W%W(Jwax. 004 - [£50.4 xf+“‘i‘%dc)

— \ . J‘m(){,) dx, = hmzn,.cx_: Kpr — Xn)
Initial density rati




Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP

. dQ _ 1 2
Q = min E long* = min Eg j§|lutl| dt — logL

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po



Variational Inference with Path RND

Variational Inference in Path space:
dQ” .
X
dP

Q= mlnEQ[long] mmEQU—HutH dt — logL

P: dXt — b(Xt, t)dt + O-tth XO ~ Po
Q: dX; = (b + g,u) (X, t)dt + o, dW; X, ~ po

stochastic optimal control



Variational Inference with Path RND

Variational Inference in Path space:
dQ”
< L
dP

dQ

Q = min Ey logd = min Eq U—|Iutl| dt — logL

P: dXt — b(Xt, t)dt + O-tth XO ~ Po

stochastic optimal control
Q: dXt — (b + O-tu)(Xt' t)dt + O-tth XO ~ Do

- fine-tune diffusion models [1]
- neural samplers [2,3,4...]

[1] Domingo-Enrich, C., Drozdzal, M., Karrer, B., & Chen, R. T. (2024). Adjoint matching: Fine-tuning flow and diffusion generative models with memoryless stochastic optimal control. ICLR 2025

[2] Havens, A., Miller, B. K., Yan, B., Domingo-Enrich, C., Sriram, A., Wood, B., ... & Chen, R. T. (2025). Adjoint sampling: Highly scalable diffusion samplers via adjoint matching. ICML 2025.
[3] Liu, G. H., Choi, J., Chen, Y., Miller, B. K., & Chen, R. T. (2025). Adjoint Schrodinger Bridge Sampler. arXiv.

[4] Zhu, Y., Guo, W., Choi, J., Liu, G. H., Chen, Y., & Tao, M. (2025). MDNS: Masked Diffusion Neural Sampler via Stochastic Optimal Control. arXiv



Collaborators on FEAT




Collaborators on RNE




Fantastic Path RNDs

+J
+

by g ;

, “*intuitive understand from sequence of Gaussian kernels
"t : :

. “*Forward-forward RND with Girsanov theorem

“Forward-backward RND



Where to Find Them?

.."* Importance Sampling with Path RND
AIS, Jarzynski and Crook’s Fluctuation Theorem
Free-energy estimation
Density estimation
Generation control

Energy regularisation

.."*Variational Inference with Path RND

Neural samplers

Diffusion model fine-tuning



Thank You!

lf}]uﬂ He (jh2383@cam.ac.uk)
P‘aﬂCISCO Val‘gas (vargfran@gmail.com)
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